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Abstract. We consider a family of non-autonomous reaction-diffusion equations 



< 

{EJ) u t = a ij (ujt)did j u + f(u>t,u) + g(ut,x), (t, x) £ R+ x R N 

^v^j . with almost periodic, rapidly oscillating principal part and nonlinear interactions. 

' As w — > +00, we prove that the solutions of (E^) converge to the solutions of the 

averaged equation 

00 

JV 

g ! (-Boo) ut = Y, a-ijdtdju + f(u) + g(x), (t,x) e K+ x K™. 

(N 



If / is dissipative, we prove existence and upper-semicontinuity of attractors for the 
family (E w ) as ui — > +00. 



1. Introduction 

In this paper we study a family of non-autonomous react ion- diffusion equations 

N 



(1.1) ut = ciij(ut)didjU + f(ut,u) + g(ut, x), (i, x)gK+x 



with almost periodic, rapidly oscillating principal part and nonlinear interactions. 
Under suitable hypothesis (see Section 2), the Cauchy problem for (1.1) is well- 
posed in H 1 (R N ) and the equation generates a (global) process, that is, a two- 
parameter family of nonlinear operators n w (t, s) from H 1 (R N ) into itself such that 

n w (t,p)n w ( P ,a) = n (i; (t,s) t> P > s 

n w (*,*)= J iGR, 

Typeset by ^fS- TgX 
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s • 



where, for every u s G i/ 1 (M Ar ), IL^t, s)u s is the solution of (1.1) with u(s) = u & 

We are interested in the behaviour of the solutions of (1.1) as ui — > +oo. It is a 
well known fact that, given a Banach space M, if a function a : R — > .M is almost 
periodic, the mean value 



1 /- T 



exists. We observe that, for fixed T > 0, 

(a(up) -a)dp = 2T lim — — / (a(p) - a) dp = 0. 
Even if this convergence is very weak, it suggests that the averaged equation 

N 



(1.2) u t = ^2 a ijdi d 3 u + f( u ) + g( x ), (*» s)eK+ x 



should behave like a limit equation for (1.1) as cj — > +oo. 

Results of this kind have been known for quite a long time for ordinary differential 
equations with almost periodic coefficients. For partial differential equations, local 
results in this direction have been obtained in an abstract setting (fit also for the 
study of functional equations) by Hale and Verduyn Lunel [8]. They consider an 
abstract semilinear parabolic equation 

(1.3) u t = Lu + f(up,u) + g(up) 

in a Banach space E, where L is the generator of a strongly continuous semigroup of 
linear operators and /(•, u) and g(-) are almost periodic. They show the convergence 
of local solutions of (1.3) to solutions of the averaged equation 

(1.4) ut = Lu + f(u) + g; 

moreover, they prove a continuation principle for strongly hyperbolic equilibria of 
(1.4) and obtain an upper-semi continuity result for local attractors of the Poincare 
map of (1.3). 

In a recent paper ([11]), Ilyin proposes a global criterion for comparison be- 
tween the process generated by (1.3) and the semigroup generated by the averaged 
problem (1.4). For autonomous equations like (1.4), it is well known that if / is 
dissipative and compact, then the semiflow generated by (1.4) possesses a compact 
global attr actor in E. In this case, it is possible to express the concept of closeness 
of two semiflows in terms of the Hausdorff distance of their attractors. As Ilyin 
shows in [11], the same can be done in the non-autonomous case. Ilyin considers an 
abstract semilinear parabolic equation like (1.3), where now L is a sectorial linear 
operator, and the corresponding averaged equation (1.4). Using a notion of global 
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attractor for families of processes introduced by Chepyzhov and Vishik in [5] (see 
Section 3), he shows that, under suitable dissipativeness and compactness hypothe- 
ses, the global attractor A w of (1.3) converges in the Hausdorff metric to the global 
attractor A of (1.4). Then he applies the abstract results to reaction-diffusion, 
Navier-Stokes and damped wave equations on a bounded domain O. 

The aim of our paper is to extend the results of [11] to reaction-diffusion equa- 
tions on the whole R N with time dependent principal part, like (1.1). To this end, 
we cannot apply directly the abstract results of [11]. Indeed, since we are working 
on the whole M. N , the imbedding of H 1 into L 2 is not compact; this makes much 
more difficult to recover the asymptotic compactness of the processes generated by 
(1.1). Even in the autonomous case, establishing the existence of compact global 
attractors becomes then itself an interesting task. In [3] Babin and Vishik overcame 
the difficulties arising from the lack of compactness by introducing weighted Sobolev 
spaces. The choice of weighted spaces, however, imposes some severe conditions on 
the forcing term g and on the initial data. Very recently, Wang ([18]) established 
the asymptotic L 2 -compactness of the semiflows and consequently the existence 
of global (L 2 — L 2 ) attractors for reaction-diffusion equations on R N (or, more 
generally, on unbounded subdomains of M. N ) avoiding the use of weighted spaces. 
Following Wang's pattern, we shall prove uniform asymptotic L 2 -compactness of the 
processes generated by (1.1). Then we shall obtain the asymptotic i7 1 -compactness 
by a continuity argument similar to that of [1] and [15]. 

On the other hand, since we assume that the principal part is time-dependent, 
in the variation of constant formula the linear semigroup e~ Lt has to be replaced 
by the linear processes V u {t, s) generated by the linear equations 

N 

(1.5) u t = aij{ut)didjU. 

As a consequence, we have to prove also the convergence of V u (t,s) to e~ At as 
uj — > +oo, where e~ At denotes the linear semigroup generated by the averaged 
linear equation. This is done by mean of an explicit representation of the solutions 
of the linear equations in terms of their Fourier transforms. 

The paper is organized as follows. In Section 2 we introduce notations and some 
necessary preliminaries; moreover, we obtain some a-priori estimates for equation 

(1.1) and we deduce the existence of uniformly absorbing sets for the corresponding 
process. In Section 3, we recall some basic properties of almost periodic functions 
and the notion of uniform attractor for a family of processes introduced by Chep- 
yzhov and Vishik in [5]; then we prove the existence of compact global uniform 
attractors for the families of processes associated to (1.1). In Section 4 we investi- 
gate the behaviour of the solutions of (1.1) as u — > +oo, proving that the solutions 
of (1.1) with initial datum uq G H 1 (R n ) converge, as u — > +oo, to the solution of 

(1.2) with the same initial datum. Finally, we prove the upper-semicontinuity of 
the family of the uniform attractors of (1.1) as u — > +oo, showing that the uniform 
attractor of (1.1) is ii/" 1 -close to that of (1.2) for sufficiently large to. 
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We would like to remark that the same results hold for a family of reaction- 
diffusion equations of the form 

JV 

u t = v(ut) di(ciij(x)dju) + f(cot, u) + g(u)t, x), (t, x) G M + x fi, 

with Dirichlet or Neumann boundary conditions on a bounded domain O C R N . 
To this end, it suffices to replace the Fourier transform representation of the linear 
processes with their spectral representation on a basis of eigenfunctions of the linear 
operator X)fj-=i di( a ij( x )dj) with the given boundary conditions. 

2. Preliminaries 

We consider the equation 

N 

(2.1) u t = aij{uot)didjU — ao(ivt)u + f(ut,u) + g(ut,x), x G M. N , 

where w is a positive constant. 

We make the following assumptions: the functions aij and ao are Holder contin- 
uous on R with exponent 0, Ojj(r) = ciji(r) for i, j = 1, . . . , AT and for all r G R, 
and there exist positive constants i^i > z/ > and C > such that 

TV 

(2.2) z/ |£| 2 < a y( r )&6» ^ Ul \t\ 2 for allreK and £ e rN 

i,J = l 

and 

|ao(r)|<C for all r£l 

Moreover, 

(2.3) ||#(r, -)\\ L 2 < C for all tGR 
and there exist #0 £ £ 2 (R N ) and < 6> < 1 such that 

(2.4) |y(ri,x) -y(r 2 ,x)| < 0oO*O|tl ~ t 2 |^ for all ti, t 2 G R and for a.e. a; G 1^. 
Finally, 

(2.5) /(r,0) = 0, \f u (r,u)\<C(l + \uf) for all u, r G R 
and 

(2.6) |/(n,«) - f(r 2 ,u)\ < C(\u\ + luf+^ln - r 2 \ e for all u,t u t 2 G R, 
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where 

(2.7) 0</3 ifiV<2; < (3 < 2*/2 - 1 if AT > 3. 

For t G R and u > we define the operator A u (t): H 2 (R N ) -> L 2 (R N ) by 

TV 

:=- aij(^t)didju, u G H 2 (R N ). 

M = l 

Then A u (t) is a self-adjoint positive operator in L 2 (R N ) and our assumptions on 
the coefficients Oy(r) imply that the abstract parabolic equation 

u = —A^ityu 

generates a linear process 

U u {t, s):L 2 (R N ) — »■ L 2 (M Ar ), t > s, 

such that 

(2.8) ||£4,(MHU 2 < M||u|| L a, wGL 2 ^), 



(2.9) \\U u (t,s)u\\ H i<M\\u\\ H i, ueH l {R N ), 
and 

(2.10) HMMHffi <M(l + (t-s)- 1 / 2 )|| u || L2 , ugL 2 ^), 

where M is a positive constant (see e.g. [14, Ch.5], [16]). 

A useful explicit representation of U u (t, s) can be given in terms of its Fourier 
transform. We denote by Tv the Fourier-Plancherel transform of v G L 2 (W N ), 
normalized in such a way that, for v G L 2 (R N ) fl L 1 ' 



It is well known that T is an isometry of L 2 (R N ) onto itself, and v G H k (R N ) if 
and only if (1 + |£| 2 ) fc/2 (-^)(£) G L 2 (M Ar ). Moreover, 

(2.11) 1^11^= / (1 + |^ 2 )(^)(0 2 ^. 
Then an easy computation gives 

(2.12) (F(U u (t, s)u))(0 = exp J - J ( £ ay(wp)^) dp 1 (.Fu)(0- 
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An immediate consequence of (2.12) is that the constant M in (2.8) - (2.10) depends 
only on vq, so in particular is independent of ui. 

As for the nonlinear term, conditions (2.5) and (2.6) and the Sobolev embedding 
Theorem imply that the Nemitski operator 

/:Rx H 1 (R N ) — > L 2 (R N ) 

is well defined and satisfies 

(2.13) \\f(r, u) \\ L * < C{\\u\\ L , + IMlg 1 ), reR,ue H\R N ) 
and 

(2.14) H/Vi, Ul ) - /(r 2 , U2 )\\ L 2 < C(i + Wmf^ 1 + IKH^In - r 2 \ e 

+ C(l + \\u 1 \f H1 + \\u 2 \f H1 )\\u 1 -u 2 \\ H i, n,T 2 eR, Ul ,u 2 eH\R N ), 

where C is a positive constant depending only on C, z/ , v\ and (3. By classical 
results of [6], [10] and [14], for every s E R and for every u s G H 1 (R N ) the semilinear 
Cauchy problem 



(2.15) 



ii = —Au{t)u — ao(ivt)u + f(u)t, u) + g(ut) 
u(s) = u s 



is locally well-posed and hence possesses a unique maximal classical solution u G 
C°([s, s+T[, H^dC^Qs, s+T[, L 2 ), T depending on s and u s . Moreover, u satisfies 
the variation of constant formula 

u(t) = U 0J (t,s)u s + U u; (t,p)(-a (ujp)u(p) + f(up,u(p)) + g{up))dp, t>s. 

J s 

The following set of dissipativeness and monotonicity conditions ensures that the 
solutions of (2.15) are global and bounded: 

(2.16) a (r) > A > for all r G R; 



(2.17) f{r,u)u < 0; f u (r,u)<L for all u, r G R. 

We start with the following a-priori estimates in L 2 : 

Lemma 2.1. Let « w : [s, s + T[— > H 1 (R N ) be the maximal solution of the Cauchy 
problem (2.15). If \\u s \\l2 < R, then, for t G [s,s + T[, 

\\uUt)\\h<e-^ t -^R 2 + ^ F 
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Proof. For t g]s, s + T[, we have 
^ !!««(*) II L> = (u w (*), ««(*)> 

= (u w (t), - a (cut)w w (t) + /(cut, it w (t)) + 

< -<m w (*), - ««(*)) + (it w (*), f(wt,u u (t))) + (u u (t),g(u;t)). 

By (2.17) and by Young's inequality, we get 

< ( UuJ (t),g(ut)) < ^K(t)||| 2 + ^-\\g(u;t)\\ 2 L2 . 



By (2.3) it follows that 



^IK(*)lli 2 + AoK(*)||£ a < 



Multiplication by e A °* and integration yields 



(2-18) \Mt)\\b < e- Xoit - s) \\uUs)\\h + 

Ar 



x 

and the conclusion follows. □ 

In order to get if 1 -estimates, we need the following lemmas: 

Lemma 2.2. Let u G H 2 (R N ). Then (f(wt, u), -Au) < L(u, -Au) for all t G R, 
where L is the constant of condition (2.17). 

Proof. For n G N, choose a function h n G C°°(R), with < h' n (u) < 1 for all «6R, 
such that 

{u if — n < u < n 

n + l if 2n < u 
-(n + l) ifw<-2n 

Let us fix t G R and define f n (ut,u) := f(u>t,h n (u)). By (2.17), it follows that 
f n (cot, 0) = 0, \(f n )u(wt, u)\ is bounded on R and (fn)u(wt, u) < L for all uel By 
Proposition IX.5 in [4], it follows that f n (u)t,u(-)) G H 1 (R N ) and V f n (u;t,u(-)) = 
(fn)u(ut, it(-)) • Vu. Then, for all n G N, we have 

(f n (ut,u), -Au) = / (/ n ) M (cut,-u(a;))|Vw(;r)| 2 cfe 

<L/ \Vu{x)\ 2 dx = L(u, -Au) 
Jr n 
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The proof will be complete if we show that f n (u)t,u(-)) — > f(ujt,u(-)) in L 2 (Q) as 
n — > oo. Now, since f n (uit,u(x)) — > f(u)t,u(x)) almost everywhere in and the 
estimates 

\f n (ut,U^))\<C(Hx)\ + \ U (x)f +1 ), 

|/(orf,«(x))|<C(|«(x)| + |«(x)|^ +1 ) 
hold, the conclusion follows from the Lebesgue dominated convergence theorem. □ 
Lemma 2.3. For all u E H 2 (R N ) and for allteR 

-(Au(t)u, Au) > u \\Au\\ 2 L 2. 

Proof. Again denoting by Tv the Fourier-Plancherel transform of v E L 2 (R iV ), we 
have 

- {A w {t)u, Au) = (F(A u (t)u),F(-Au)) 

N N 

i,j=i 1=1 



□ 

Now we are able to prove 

Lemma 2.4. Let u^: [s, s + T[— > H 1 (R N ) be the maximal solution of the Cauchy 
problem (2.15). There exist two positive constants K\ and K<i, depending only on 
C, vq, v\, Aq and L, such that, if \\us\Ih 1 < R, then, for t &[s,s + T[, 



u. 



,{t)\\m < KiR 2 e- Xo ^ + K 2 



Proof. For t e]s, s + T[, by Lemma 2.3 and by (2.16) we have 
^l|V« w (t)||i 2 = -(A« w (t),« w (t)> 

= (-Au w (t), -4„(*)u w (*) - a (u;t)u u (t) + f(u>t, u u (t)) + g(ut)) 

< -z/ ||A^(t)||| 2 - A ||V^(£)||| 2 - (Auu{t)J{ut,Uu{t))) - {Au u (t),g(wt)). 

By (2.3), by Lemma 2.2 and by Young's inequality we obtain 

(2.19) i-||V^(t)||| 2 < -z/ ||A^(t)||| 2 - 2(A - L)\\Vu u {t)\\h + — • 

OX Uq 
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Let 5 > and let v £ H (R ). We have 

5 1 

||Vv||| a < -||A<;||| 2 + -|M|| 2 , 

whence 

(2-20) -||Au||| a < ~\\Vv\\ 2 L2 + ^\\v\\ 2 L2 . 

By (2.19) and (2.20), choosing 5 := vq/L, we obtain 

^l|V^(t)|| 2 L2 < -2A ||V^(t)||| 2 + -\\uUt)\\h + — • 
at 

By (2.18), 

|V^(t)||| 2 + 2A ||Vu w (*)||£ 2 < ^-\\uUs)\\he- x "^ + ( + -) C s 
Multiplication by e 2Xot and integration yields 



d 



|v^(t)f 



L 2 



< e -^o(*-.)|| V ^( a )||| a + -^-II^^JH^e-Ao^-.) + (JL_ + M C \ 

Z/oAo \ZZ/oA AqVo J 

and the conclusion follows. □ 

As a consequence, we have the following result: 

Proposition 2.5. Let u^: [s, s + T[— > if 1 (lR Ar ) 6e i/ie maximal solution of the 
Cauchy problem (2.15). Then 

(1) T = +oo; 

(2) z/ ||it s ||fl-i < R, then, for every t > s, < K\R 2 + K~i, where K\ 
and K<i are independent of R and u; 

(3) there exists a positive constant K , and for every R > there exists T(R) > 
such that, whenever \\u s \\jji < R, H u w(*)|| if 1 < ^ / or a ^ * swc/i t/iai 
(t — s) > T(R). Both K and T(R), besides R, depend only on C , u , v\, Ao 
and L. In particular, they are independent of s and ui. 

□ 

Proposition 2.5 says also that the global process generated by (2.15) possesses a 
bounded absorbing set in ii/" 1 (IR Ar ) independent of ui. 

We end this section with a result which will be useful in proving the asymptotic 
compactness of the processes generated by (2.15). 
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Lemma 2.6. Let •u w :[s,+oo[^ H 1 (M. N ) be the solution of the Cauchy problem 
(2.15), with \\UsWh 1 < R- Assume moreover that the set {g(r, •) | r G M} is 
compact in L 2 (R N ). Then, for every n > 0, there exist two positive constants k(R) 
and T(R) such that, if (t — s) > T(R) and k > k(R), 



L 



\u u (t, x)\ 2 dx < n. 

<{\x\>k} 

The constants k(R) and T(R), besides R and n, depend only on C , vq, v\, Ao and 
L. In particular, they are independent of s andu. 

Proof. We adapt to the non-autonomous case the proof of Lemma 5 in [18], being 
careful that all the estimates involved are independent of u>. 

Let 9: R + ^ibea smooth function such that < 0(s) < 1 for s E K+, 6(s) = 
for < s < 1 and 0(s) = 1 for s > 2. Let D : = sup s6M+ \6'(s)\. For k e N, let us 
define the multiplication operator 

Qk-.H 1 ^) -> H\R N ), (e k u)(x) := 9(\x\ 2 /k 2 )u(x). 

By (2.16) and (2.17), we have 

~ J^j(\x\ 2 /k 2 )\ UbJ (t,x)\ 2 dx = ^-l(e kUu ,(t),u„(t)) = (e fe ^ (£),<,(£)> 

= (OkUuit), -A^u^t) - a (Lvt)u w (t) + f(ojt, u u (t)) + g(ut)) 
< (9ku u (t), -A^ujt)) - A (e fc u w (t), u u (t)) + (OkuUt), g(wt)) 
and hence 

^(0ku u (t)^ u (t)) + 2\ Q (Q k u UJ {t),u (JJ {t)) 

< -2(e k u u (t), A„(t) UuJ (t)) + 2(e k u u (t),g(wt)). 

Since 

f N 

(BkUuit), Au(t)u u (t)) = / 9{\x\ 2 /k 2 ) a ij {u)t)d i u LJ {t,x)d :j u L0 {t,x)dx 

N 



+ ( 9' {\x\ 2 /k 2 )u u {t, x)j^ aij(ut)xidjU u (t,x)dx, 
Jrn k z f—^ 



it follows that 



-(6^(t),i w (tK(t)>< / e , (\x\ 2 /k 2 )\u u (t,x)\\Vu u (t,x)\^\x\dx 

Jrn k z 

<2D ! M| Uw (t )X )||Vu w (t,x)|dx 

J{k<\x\<V2k} % 

-~^T~ I \u u (t,x)\\Vu u (t,x)\dx 

K J ik<\x\<V2k\ 



' {k<\x\<V2k} 

< ^^\\uUt)h4VuUt)\\L*- 
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So, by Proposition 2.5, for (t — s) > T(R), we have 

/ x „ / x /nx 2y/2DK 2 

-{e k u u {t),A^{t)u^{t)) < — - — 

Let 7] > and choose k = k(rf) such that 

2V2DK 2 

Then for (t — s) > T(R) and k > k{rj), we obtain 

^(O kUu! (t), Uu! (t)) + 2\ (e k u u (t),u u (t)) <2 V + 2(e k u u (t),g(u;t)). 
By Young's inequality, we have 

Since we have assumed that {g(r, •) | r G R} is compact in L 2 (W N ), there exists 
k' = k'{rj) such that, if k > k'(rj), 

-J- / 0(|x| 2 /^ 2 )fM,^) 2 ^ < 77 for all t G R; 

As a consequence, for (t — s) > T(R) and for k > max{/c(?y), k'{rf)} 

^<0jfcWw(*),«w(*)) + Ao(8fcU w (t),u w (t)) < 477. 
Multiplication by e A °* and integration yields 

e Aot (e fc ^(t), Uw (t)> - e x ^ +T ^(Q k uUs + T(R)), u w (s + T(R))) < 
for (t-s)> T(R). It follows that, for (t - s) > T(R), 

(Q k uUt), «*(*)> < e -*>«*->- T <*» (e k uUs + T(R)), uUs + T(R))) + ^ 

< e -A ((t- S )-T(fl)) K 2 + ^7 

Finally, for (t — s) > T(R) + Aq 1 log^ -1 ) and for k > max{k(r]) 1 k'(rj)}, we get 
/ \ Uu ,(t,x)\ 2 dx< [ 8(\x\ 2 /k 2 )\uUt,x)\ 2 dx<(K 2 + ^-)r], 

J{\x\>V2k} JR N V A 0/ 

and the proof is complete. □ 



12 



FRANCESCA ANTOCI AND MARTINO PRIZZI 



3. Existence of the compact global attractors 

It is well known (see e.g. [12], [7], [2] and [17]) that if a continuous semi- 
group P(t), acting on a complete connected metric space X, is bounded, pointwise- 
dissipative and asymptotically compact, then it possesses a compact global attrac- 
tor. The attractor is non-empty, connected, strictly invariant, and can be char- 
acterized as the union of all complete bounded trajectories of P(t). This idea 
can be quite naturally extended to the class of processes generated by periodically 
time-dependent partial differential equations, since such systems undergo a discrete 
semigroup structure given by the period map. In more general situations, like the 
almost periodic case considered here, the leading property of invariance fails and 
new approaches had to be developed. 

In [9], Haraux proposed a notion of attractor for a process H(t, s) based on the 
concept of minimality rather than invariance. However, as it was suggested by the 
same Haraux, the theory of skew-product flows, at the expense of introducing an 
extended phase space, provides the right extension of invariance. This alternative 
approach, developed by Chepyzhov and Vishik in [5], turns out to be particularly 
well suited if the process is generated by an almost periodic partial differential 
equation. 

We shall describe this approach in the context of equation (2.1). 
We define Mi as the space of N x N real symmetric matrices and M2 := R; 
moreover, we denote by M3 the set 

M 3 := {*:R^R | tf(0) =0, \\^\\m 3 < +oo}, 

where 

\\V\\m 3 •■= sup i - i 75 - 

Finally, we set M A := L 2 (R N ). 

Besides conditions (2.2)-(2.7) and (2.16)-(2.17), from now on we assume that 
also the following condition is satisfied: 

(AP) the functions t h-> (ciij(t))ij G Mi; t h-> a (t) G M% t h-> f(t, •) G Ms and 
t t— > g(t, •) G Ma are almost periodic. 

By Bochner's criterion (see e.g. [13]), whenever a: R — > M is almost periodic, 
the set of all translations {cr(- + h) \ h G R} is precompact in Cb(M.,M). The 
closure of this set in Cj,(R, M) is called the hull of a and is usually denoted by 
TC(a); if £ G 7Y(<r), then ( is almost periodic and Ti.(C) = H(cr)- 

For an almost periodic function a, the mean value 

1 f T 

lim — / alt) dt =: a G M 
T^+oo 2T J_ T 

exists. More remarkably, (see again [13]) there exists a bounded decreasing function 
fj,: R+ -> R+, fi(T) -* as T -> oo, such that 

rs+T 

(3.1) ||(1/T) J (C(t) - a) dt\\ M < n(T) for all s G R and all C G H{a). 
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We will denote by E l5 E 2 , E 3 and E 4 the hulls of the functions t i— > ((%•(£));.,•, 
t i-> a (t), t i-> /(*,•) and * h-> #(£, •) in C 6 (R,A^i), C 6 (M,A^ 2 ), C 6 (M,.M 3 ) and 
Cft(lR, .M 4 ) respectively. The corresponding mean values will be denoted by (<%) G 
A^i, a G -M 2 , /(•) G .M 3 and y(-) G *M 4 . Moreover, let us set E := Ei x E 2 x 
E 3 x E 4 . 

Remark. It is an easy exercise to check that properties (2.2)-(2.7) and (2.16)-(2.17) 
are satisfied by any element of Ei, E2, E3 and E4, as well as by the corresponding 
mean values (with the same constants!). Hence, the results of Lemmas 2.1 and 2.4, 
of Proposition 2.5 and of Lemma 2.6 still hold true if we replace a^- (r), ao(r), /(r, it) 
and gf(r, x) with arbitrary elements of Ei, E 2 , E 3 and E 4 or with the corresponding 
mean values. 

Remark. Applying (3.1) to /(r, it), we have 

rs+T 

|(1/T) / (/(r,u) - /(u))dr| < /i(T)(|u| + M^ 1 ) for all s and u G R, 
and integration yields 

(3.2) ||(1/T) f S+T (f(r,u)-f(u))dr\\ L2 < K^{T){\\u\\ L ,+ hf^ 1 ). 

J s 

As a consequence of Lemmas 2.1 and 2.4 and of Proposition 2.5, for any a = 
((cxij), oto, (f), 7) G E and for any u > 0, the equation 

TV 

lit = aij(ut)didjU — ao(ivt)u + 4>{ut, u) + ^(ut, x), x G M. N 

generates a global process II£(£, s) in the space if 1 (M Ar ). 
According to [5] , now we are able to give the following 

Definition 3.1(Chepyzhov and Vishik, '94). A closed set A^ is said to be the 
IB-uniform attractor of the family of processes {II£ | a G E } iff 

(1) For every bounded set B C H 1 ^) 

lim sup dist(n^(t, s)B, A%) = for all s G R; 

(2) is minimal among all closed subsets o/i/ 1 (lR Ar ) satisfying property (1), 
i.e. C A' for every closed set A' C i/ 1 (lR 7V ) which satisfies property 

(!)■ 

Our first goal is to prove that the almost periodic dissipative equation (2.1) pos- 
sesses a E-uniform attractor in H 1 (R N ). Following [5], we introduce the extended 
phase-space E x H 1 (R N ); for uj > 0, we define on E the unitary group of translations 



(TUh)a)(-) :=a(-+uh). 
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One can easily prove the following translation identity: 

(3.3) uz(t + h,s + h) =nl«^ a (t,s), hem. 

Thanks to (3.3), we can associate to the family of processes { II£, | a G E } a 
(nonlinear) semigroup P w (t) acting on the extended phase-space E x i7 1 (lR Ar ), by 
the formula 

P w (*)(<7,u) := (T u (t)<r t UZ(t t 0)u). 

In [5], Chepyzhov and Vishik proved that, if the semigroup P LJ (t)(a,u) above is 
continuous, bounded, pointwise-dissipative and asymptotically compact (and hence 
possesses a compact global attractor M. J), then the projection of onto H 1 (M. N ) 
is the global E-uniform attractor of the family of processes { II£ | a G E }. 
Let us describe in some detail the results of [5] . 

Definition 3.2. A curve t — > u(t) G H 1 (M. N ), t G K zs said to be a full solution of 
the process II£(£, s) iff 

U^(t, s)u(s) = u(t) for allt> s, s eR. 

Definition 3.3. TTie kernel of the process H°(t,s) is by definition the set tC° of 
all full bounded solutions of the process n^(t, s). We call the set 

KZ(8) :={u(s)\u(-)elCZ}cH 1 (R N ) 

the kernel section at time s. 

We introduce also the two projectors J\ and J2 from E x H 1 (W N ) onto E and 
H 1 (R N ) respectively: Ji(cr, u) := cr, J 2 (cr, tt) := u. Then we have 

Theorem 3.4 (Chepyzhov and Vishik, '94). Assume that the semigroup P w (t) 
is continuous, bounded, pointwise-dissipative and asymptotically compact, so it pos- 
sesses a compact global attractor -M^. Then 

(1) JiM^j ='■ is the global IB-uniform attractor of the family of processes 
{n^aGE}; 

(2) J x Ml = E; 

(3) a<5 = IUeWx*S(°); 

(4) ^ = u € e icz(q)- 

□ 

As in [5], in order to apply Theorem 3.4, we need to check that P u! (t)(a, u) is con- 
tinuous, bounded, pointwise-dissipative and asymptotically compact. Boundedness 
and pointwise-dissipativeness are a straightforward consequence of Proposition 2.5. 
For continuity and asymptotic compactness, we need some preliminary lemmas. 
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Lemma 3.5. Let («],■(•)) and («?•(•)) G Ei. For k = 1,2, let V£(t, s) be the linear 
process in L 2 (R N ) generated by the equation 

N 

Then 

(1) there exists a continuous function p:M, + — > R + , p(g) — > as g — > 0, swc/i 
i/ia£, /or any a; > 0, /or it G L 2 (R N ) and for t > s, 



ij)\\oo)\\u\\ L *; 



||yj(f, s)« - V£(f, < (l + (t _ 1 g)1/2 ^) p(||(ay - (a 

(2) there exists a continuous function %: M + — > M + , x(g) — > as g — > 0, swc/i 
t/iat, /or any a; > 0, /or it G if 1 (IR Ar ) and /or t > s, 

\\V^s)u-V 2 {t,s)u\\ m <x(llK-)-(4)lloo)IHI^- 

Proo/. Let u G L 2 (R JV ). By (2.11) and (2.12), for any R > we have 
||Kj(t, S )n-K, 2 (t, S )n||^ 

= / (i + iei 2 )[ex P (- f j2 a U"pMi d p) 

-exp(- / ^ajM^ :dp)] 2 (^u)(0 2 dC 



<2 / (i + |^|2 )exp( _2z/ |e| 2 (t- S ))(^n)(O 2 ^ 
+ / (l + |£| 2 )exp(-2^| 2 (t-s)) 

[exp(-J] /" (aj^-aKup^dp^-lf^um'dC 
i,j Js 

=: 5i + S 2 . 

Choose i? := k x / 2 {t - s)" 1 / 2 , fc to be determined. If k > l/(2i/ ), 

we have 

^<2 sup (l+ Z )e- 2 ||n|| 2 2 <2(l + -i— )fce- 2 ^||n||| 2 . 
z >2i/ fc V 2v {t-s)J V (t-s)J 

On the other hand, 

<? 2 < + _L_^) fc[e llK)-«)lloc/c _ 1]2| H |2 2 _ 
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Choosing 

fc=llK)-(4)ll- 1/3 

we obtain the desired result with 

p(q) = V2q- l /'e-^- 1/3 + q~ x l\e^ - 1], q < 8v 3 . 
If u G H 1 (M, N ) we argue in the same way: we get 

\\V^s)u-V 2 {t,s)u\\ 2 m <S 1 + S 2 , 



where 
and 



S 1 = 2e- 2l/ ° k \\u\\ 2 Hl 



S 2 = [e^-^- k -l] 2 \\u\\ 2 Hl . 
Again, choosing k as above, we obtain the desired result. □ 

Lemma 3.6. Let a G E and let (cr n ) n6 N be a sequence in E, such that a n — > a as 
n — > oo. Let (t n ) ne N o^d (-Sn)neN be two sequences of real numbers, with t n > s n 
for all n and assume that t n — > t and s n — > s as n — > oo. Finally, let u G fl" 1 ^) 
and let (w n )neN fre a bounded sequence in H 1 (R N ). Then, for any u > 0, 

(1) if u n —> u in L 2 (R N ) and t> s, 

\\U° n (t n , S n )u n - s)u\\ H i ^ as Ti > OO j 

(2) ifu n ^u in R X {R N ), 

||n^"(t n , s n )« n - s)m|| h i ^0 as n ^ oo. 

Proof. First, let us notice that 

n w "(tri) ^n)u n = 11^"^ ™ ^ n (tn (^n s), s)u n . 

Since T a ,(s n — s)a n — > cr in E and t n — (s n — s) — > t as n — > oo, we can assume 
without loss of generality that s n = s for all n. Let's write 

v n (t) := U^(t,s)u n , 

v(t) :=UZ(t,s)u. 
We introduce the following notations: 

<r n (r) =:(« J (r)), o#(r), <p n (r), 7n (r)), 
a(r) =:((a y (r)), a (r), p(r), 7(r)), 
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and 

A n := sup !«•(») - (ay(r))|, 
B n :=sup |«o( T ) ~ a o(r)\, 

D n := sup sup , 

£ n :=sup ||7n(r) - 7(»IIl 2 - 

Notice that A n , B n , D n and i? n tend to zero asn-> +00. 
Moreover, let's observe that for every rGKwe have 

\\<p n (r,u) - <p(r,u)\\ L 2 < D n (\\u\\ L 2 + Hwll^t 1 )- 

Finally, in view of Proposition 2.5, there exists K > such that, for every t > s, 

\\v n (t)\\m <K for all n G N , 

\Ht)\\m <K. 
Let T be a positive number; for < t — s < T we have 

v n {t) -v(t) = V£(t, s)u n - V u (t, s)u 

+ / V"(t,p)[-a%(up)v n (p) + fi n (up,v n (p)) + -f n (up)] dp 

J s 

- / V L0 (t,p)[-a(up)v(p) + 'f(ujp,v(p)) + 'y(up)]dp. 

J s 

Hence 

\\v n (t)-v(t)\\ H i < K(t,s)[u n -u}\\ H i 

+ II [Kit, s) - V n (t, s)]u\\ H i +h + h + h, 

where 

h := [ \\(V^(t,p) - V u (t,p))[a^(up)v n (p) + n (up,v n (p)) + -f n (up)]\\ H i dp, 

J s 

h-= J \\V u (t,p)[(-ao(up) + a ((jp))v n (p) 

J s 

+ <p n (u>p,v n (p)) - 0{up,v n {p)) +>y n (ujp) - -f(up)]\\ H i dp, 
\V u (t,p)[-ao(up)(v n (p) -v(p)) +fi(ujp, v n {p)) - ifi(up, v(p))]\\ H i dp. 
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First of all, let's observe that, thanks to Lemma 3.5, 

\K(p) - V u (p)]u\\ m < x(A n )\\u\\m < x(A n )K. 
As for 7i, Lemma 3.5 implies that 

h < I (1 + (t - p)~ 1/2 )p{A n )\\a^{oop)v n {p) + <pn(wp,v n (p)) + ~f n ((vp)\\ L 2 dp 

J s 

< J\l + (t- py^piAnXCK + C{K + KP+ 1 ) +C)dp< Q lP (A n ), 
where Qi is a positive constant depending on T. Analogously, (2.10) implies that 
h< f Mil + it-pr^M-aZi^ + aoiup^vM 

J s 

+ n (up, V n {p)) -<f{up, V n (p)) +'J n (up) -^{up)\\ L 2dp 

< I M(l + (t-p)- 1 / 2 )(B n K + D n (K + K t3+1 ) + E n )dp<Q 2 (B n + D n + E n ), 

J s 

where Q 2 is a positive constant depending on T. Finally, (2.10) implies 

h < J*M(1 + (t -p)- 1/2 )\\ - a Q {up){v n {p) - v{p)) 

+ ip(up,v n (p)) -<p(wp,v(p))\\ L 2dp 

< f M(l + (t- p)- 1/2 )[C\\v n (p) - v(p) \\ H i + C(l + 2kP)\\v n (p) - v(p) dp 

J s 

<Qs I {t-p)- 1/2 \\v n {p)-v{p)\\ m dp, 

J s 

where Q3 is a positive constant depending on T. 
As a consequence, 

\\v n (t)-v(t)\\ H i < K{t,s){u n -u)\\ H i+Z n +Q 3 j {t-p)- 1/2 \\v n {p)-v{p)\\ H i dp, 

J s 

where Z n — > as n — > +00. 

In case (1) we have, due to (2.10), 

\\V2(t,s)(u n -u)\\ H i < M{l + {t-s)-^ 2 )\\u n -u\\ L 2 < M{t-s)-^ 2 \\u n -u\\ L ^ 

hence 

\\v n (t) - v(t)\\ H i <(t- s)-^ 2 F n +Q 3 J^(t- p)- 1/2 \\v n (p) - v(p)\\ H i dp, 
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where F n — > as n — > +00, and by the singular version of Gronwall's inequality 
(see [10, Th. 7.1.1]) 

\\v n (t)-v(t)\\ H i ^QF^t-s)- 1 / 2 , 

where Q is a positive constant. This implies v n (t) — > in if 1 uniformly on 
[s + 5, s + T] for every T > 5 > 0, and proves (1). 
In case (2), (2.9) implies that 

\\V£(t,s)(u n -u)\\ H i < M\\u n -u\\ H i, 

hence 

\K(t)-v(t)\\ H i <F n + Q 3 j (*-p)- 1/2 |K(p)-v(p)|| ff idp, 

where Q3 is a positive constant and F n — > as n — > +00. Again by the singular 
version of Gronwall's inequality 

where Q is a positive constant. This implies v n (t) — > u(£) in i/ 1 uniformly on 
[s, s + T], and proves (2). □ 

We recall the following 

Definition 3.7. A bounded semigroup P(t) acting on a complete metric space X 
is said to be asymptotically compact iff for every bounded sequence (it n )n€N and for 
every sequence (t n ) ne ^, t n — > +00 as n — > 00, there exists Uoo G X such that, up 
to a subsequence, P(t n )u n — > -u^ as n — > 00. 

Now we can prove 

Proposition 3.8. TTie semigroup P u {t) is continuous and asymptotically compact 
on Ex H 1 ^"). 

Proof. The continuity of Pu(t) is a straightforward consequence of Lemma 3.6 and 
we omit the easy proof. 

In order to prove the asymptotic compactness of P u (t), we take a bounded 
sequence ((c n , u n )) ne ^ in E x H 1 (R N ). Let R > be such that H^nHi? 1 < -R for 
all n G N. We seek for (o-qq, tt^) 6Ex if 1 (]R Ar ) such that, up to a subsequence, 

P w (*»)(<t„,u„) = (T u (t n )a n ,UZ n (t n ,0)u n ) -> ((Too, Woo) in E x ff 1 ^) 

as n — > 00. First of all, since E is compact, we can assume, without loss of generality, 
that there exists (Too G E such that T w (t n — l)cr n — > (Too and T^{t n )a n — > T^(l)cToo =: 
(Tqo as 71 — ► 00. Moreover, since the sequence (f/n)n€N is bounded in if 1 ^), by 
Proposition 2.5 the set 

{U a j(t n ,0)u n \neN} 
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(Eu)(x) := 



is bounded, and hence weakly compact in H 1 (R N ). So, passing to a subsequence 
if necessary, we can assume that there exists Woo G H 1 (R N ) such that 

n^™ (t n , 0)u n ->> Woo in H 1 (R N ) as n -> oo. 

We must show that the convergence is actually strong in if 1 (lR 7V ). 

We claim first that n^™(t n ,0)-u n — > Mqo in the strong L 2 -topology. To this end, 
it is enough to show that the set 

{n^(t n ,o)« n |neN} 

is relatively compact in the strong L 2 topology, or equivalently that it is totally 
bounded. This is a consequence of Lemma 2.6 and of Rellich theorem. Let rj > 0; 
by Lemma 2.6, there exists k > and n G N, depending on R and rj, such that 

/ \Tl° n (t n ,0)u n (x)\ 2 dx < rj for all n > n. 

J{\x\>k} 

We introduce the operator E:L 2 (R N ) -> L 2 (R N ), 

u(x) if |x| < k 
, if |x| > fe 
Then we have 

{ (t n , o)« n | n g n } = { s (t n , o) w n + (/ - s)ir^ (t n , o)u n \neN} 

C { H {t n , 0)u n I n G N } + { (/ - S)n^" (£ n , OK I n G N } 

C B,(0) + {S^(t ni 0)u n | ne N} 

where B v (0) is the ball of radius r\ centered at in L 2 (R N ). The set 

{SII^(£ n ,0K|nGN} 

consists of functions of L 2 (R N ) which are equal to zero outside the ball of radius 
k in R N and whose restriction to the same ball is in H 1 . On the other hand, the 
i7 1 -norm of these functions is uniformly bounded. Then, by Rellich Theorem, we 
deduce that the set { S H° n (t n , 0)u n \ n G N} is precompact in L 2 (R N ). Hence we 
can cover it by a finite number of balls of radius rj in L 2 (R N ). This implies that the 
set { n£"(t n , 0)u n | n G N} is totally bounded and hence precompact in L 2 (R N ). 
The claim is proved. 

The same conclusions obviously hold also for the set 

{HS»(i n -l,0)u n |neN}; 

so there exists G H 1 (R N ) such that, up to a subsequence, 

T^J (t n - 1, 0)u n -> Woo in L 2 (R N ) as n -> oo. 

Finally, by Lemma 3.6, we have 

rc(t n ,oK = n^(t n ,t n - i)n^(t n - i,ok 

= n^^-^^Cl.O)^"^ - l,0)u n (1,0)1/00 in tf 1 ^) as n -> oo. 

It follows that Woo = n^°° (1, 0)-Uoo and n^™(t n ,0)w n — »■ Woo in H 1 (R N ) as n — > oo. 
The proof is complete. □ 

Finally, combining Theorem 3.4 and Proposition 3.8, we have: 
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Theorem 3.9. The family of processes {Tl£ | a G E} in i/ 1 (IR Ar ) possesses a 
compact T,-uniform attractor A^- As a point set, 

= |J K£(0), 

where /C£(0) zs t/ie kernel section introduced in Definition 3.3. In other words, A^ 
is the union of all the full bounded trajectories ofU°, a G E. □ 

4. Behaviour as — > +oo 

In this section we shall investigate the behaviour of the solutions of (2.1) as 
lo — > +oo. As we explained in the Introduction, we expect that the averaged 
equation 

N 

(4.1) Ut = y~] aijdidju - a u + f(u) + g(x) 

m'=i 

behaves like a 'limit' equation of (2.1). Roughly speaking, this means that the 
solutions of (2.1) with initial datum uq G i/ 1 (!R Ar ), as u> — > +oo, converge in some 
sense to the solution of (4.1) with the same initial datum. Moreover, we claim that 
the attractor of (2.1) is i/ 1 -close to that of (4.1) for sufficiently large to. 

Let us denote by A: H 2 (R N ) — > L 2 (M. N ) the self-adjoint positive operator defined 

by 

N 

Au := - aijdidju, u G H 2 (R N ); 

we denote by e~ At the analytic semigroup generated by A. Then equation (4.1) 
can be written as an abstract parabolic equation in L 2 (M. N ), namely 

(4.2) ii = -Au ~ a u + f(u) + g. 

Equation (4.2) defines a global semiflow n in if 1 (IR 7V ): in fact, as we already ob- 
served in Section 3, all a-priori estimates of Section 2 are independent of to and 
a G E, and are valid also for the averaged equation (4.1). So the semiflow n 
possesses a compact global attractor A. 

We begin with a convergence result for the linear problems associated to (2.1) 
and (4.1): 

Proposition 4.1. For (aiy(-)) G Ei and u> > 0, let V£(t,s) be the linear process 
in L 2 (R N ) generated by the equation 

N 
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Moreover, let e At be the linear semigroup in L 2 (R yv ) generated by the equation 



N 



u. 



There exists a bounded, continuous and decreasing function 9: IR + — > R + , 9(q) 
as q — > oo, swc/i t/iat, /or it G L 2 (IR Ar ) and /or t > s, 



\\V«(t lS )u-e- A ^u\\ Hl < (1 + 



1 



0(u;(*-s))||u|| L2 



(t-s)V2 
/or any (ay(-)) G Ei and a; > 0. 

Proo/. Let u G L 2 (R JV ) and t > s. By (2.11) and (2.12), for any R > we have 



- '- A <*->«||jri 



\\VZ(t,s)u-e 
= [ (l + |C| 2 )[exp(- fj^^pMjdp) 

- exp(- £ <hM :i (t - a)) ] 2 {Fu){t) 2 d£ 
<2 / (l + |^| 2 )exp(-2z, |e| 2 (t-«))(^)(O 2 ^ 

J m>R} 

+ [ (i+\e)eM-^o\e(t-s)) 

J im<R] 



[exp(-^ f (a lJ (up)-a l3 )dpUj)-M 2 (Fu)(t) 2 dti 



St + S 2 . 



Choose R := k 1 / 2 ^ - s)" 1 / 2 , k to be determined. If k > l/2v , 



Si < 2 sup ( 1 + — ^- ) e- 2uoZ \\uf L2 < 2 ( 1 + 



In order to estimate S2, we observe that 



7,-2^ fc|| ||2 



(atij(up) - a y ) dp| 



ws+w(i-s) 



(ay(p) - ay) dp 



< (£-s)/i(u;(t-s)). 
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Then 



S 2 <(l + T ^] [ [e Nk ^-^ -l] 2 {Tu){0 2 di 

V {t - s ) J Jm^^Hts)- 1 } 

< ^i + _l_^ [e ^M-(t- S ))_ 1] 2|| u ||2 2 



By the mean value theorem, we get 



S 2 < (l + -JJZ^) k[e Nkf " (uj{t ~ s)) Nkii(uj(t - s)) ] 2 \\u\\ 2 L2 

+ _L_^ tftfJNk^t-s))^ s ))2|| u ||2 a 



Now, set := sup g>0 fi(q) and take 

1/2 



k 



fir 



2v \/j,((jj(t — s)) 



With this choice of k, we obtain that there exist positive constants k, [i\ and n 2 , 
depending only on AT, and vq, such that 

Si + S 2 < k ( 1 + ' 



(t-s) 



i^{uj{t - s ))-l/2 e ^^(t-))- 1/2 + ^ u (t _ s)) l/2 e ^(ts))^ 

The conclusion follows if we define 

e(q) := R 1 / 2 (jnW-We-wM- 1 " + ^V^ta) 1 ' 2 ) 172 

and, if necessary, modify it on some bounded interval in order to make it decreasing 
on R_|_. The proof is complete. □ 

Corollary 4.2. Let (u> n )n&n be a sequence of positive numbers, u n — > +oo as 
n — > oo. Le£ (a^(-)) n6 N &e a sequence in Si and Zet V^(t, s) &e i/ie linear process 
in L 2 (R N ) generated by the equation 

N 

U t = ^ ^ij(^nt)didjU. 

Fix < 5 < T and take a sequence (u n ) ne ^ in L 2 (M, N ), u n — > w m L 2 (M Ar ). TTien 

sup sup || V^ 1 (t, s)u n — e~ A<yt ~ s ^u\H x —> as n — > oo. 
seR te[s+(5,s+T] 
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Proof. We have 

K n (t,s)u n -e- A ^u\\m 

< K n (t, s)u n - V2 n (t, s)u\\ m + \\V^(t, s)u - e-*«->«|| ff i 
< M(l + (t- s)~ 1/2 ) (\\u n - u\\ L 2 + e(jj,(u n (t - s)))\\u\\ L 2) 

< M(l + 5~ 1/2 ) {\\u n -u\\ L 2 +e(/j(u n 5))\\u\\ L 2) ^ as n -> oo, 

and the corollary is proved. □ 

If we deal with a fixed u G H 1 (WL N ), we obtain uniform convergence on the whole 
interval [s, s + T]. Indeed, we have the following 

Proposition 4.3. Let (uj n ) ne ^ be a sequence of positive numbers, u n — > oo as 
n — > oo. Let (a™ (-)) n6 N be a sequence in Si and Ze£ s) 6e £/ie linear process 

in L 2 (R N ) generated by the equation 

N 

Fma%, ^ei u G if 1 ^). Then, for any T > 0, 

sup sup || V™ (t, s)u — e~ A ^~ s 'u\\Hi — > as n — > oo. 

s6M t6[s,s+T] 

Proof. Let tt G iiT 1 (lR Ar ) and t > s. Arguing like in the proof of Proposition 4.1, for 
any R > we have 



+ 



Since 



C B (t,s)u- e- A ^u\\m < 2 / (1 + l£| 2 )0^)(£) 2 d£ 

f (l + | ? | 2 )[exp(-^ / « J (^)-a lJ )a'p^)-l] 2 (^)(0 2 ^- 



\ (a i:j (ujp) - aij) dp\ <(t- s)/i(u(t - s)), 

J s 



we obtain 

\\V"(t,s)u-e- A ^u\\m 



< 2 [ (1 + |e| 2 )(^)(0 2 ^ + (e^-^^d-s))^ _ A 2 || u ||2^ 
J{\Z\>R} V 1 

Now, given e > 0, we choose R > (depending on u and e) such that 

/ (i + iei 2 )(^«)(o 2 de<e. 
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Let 5 be a positive number, depending on R, \\u\\hi an d e, such that 5 < T and 

(e N5 ^ R2 -l) 2 \\uf m <e. 

Then, for t — s < 5, 

^7v(t- s)M (^(t- S ))^ _ x y ii^n^ < _ ^ 2 ii^n^ < e 

On the other hand, if 8 < (t — s) < T, we have 

^7V(t- S ) M (^„(t- S ))i? 2 - < ^ e ^M(^5)A 2 - 1^ . 

As a consequence, given e > 0, we can find R and S (depending on e) such that, for 
all n G N, 

sup sup \\V^s)u-e- A ^- s \\\ 2 m < 3e+ f e NT ^S)R 2 _ A 2 
seRte[s,s+T] " ^ ' 

The conclusion follows by letting n — > oo. □ 

Remark. The convergence in Proposition 4.3 is not uniform with respect to u in a 
bounded subset of H 1 (K N ). As a matter of fact, if we try to repeat the arguments 
of Proposition 4.1, we see that there exists a bounded, continuous and decreasing 
function 9: R + -> R+, 6(q) -> as g -> oo, such that, for u G fl" 1 ^) and for 

£ > s, 

\\V£(t, s)u - e- A ^u\\ Hl < 6(w(t - s))\\u\\ H i 

for any (ctij(-)) G Si and oo > 0. It is clear that this is not enough to detect 
uniform convergence up to t = s, since there is still an initial layer one cannot get 
rid of. This is due to the microlocal effect of the rapid oscillations of the coefficients 
ay(wp). 

Now we can state our first 'local' averaging result for the nonlinear equation 
(2.1): 

Theorem 4.4. Let (o~ n )neN be a sequence in E. Let (t n )neN o,nd (s n )neN be two 
sequences of real numbers, with t n > s n for all n and assume that t n — > t and 
s n — > s as n — > oo, with t > s. Let u G H 1 (M, N ) and let (u n ) ne fq be a bounded 
sequence in i7 1 (IR Ar ) and assume that u n — > u in L 2 (R N ). Finally let (oj n ) ne ^ be a 
sequence of positive numbers, oj n — > +oo as n — > oo. Then 

ll n ^"(tn, s n )u n - n(t - s)u\\ H i ^ as n -> oo. 

In order to prove Theorem 4.4, we need the following 
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Lemma 4.5. Let (ckq , 4>m 7n)neN &e a sequence in E 2 x E 3 x £ 4 . Let (u n ) ne ^ be 
a sequence of positive numbers, u n — > +00 as n — > 00. Finally, let v: [s, s + T] — > 
if 1 (R Ar ) 6e a continuous function. Fort £ [s,s + T] set 



G\{t) := / e 



-^(*-p) r«? 



«o(^nP) - a ] u(p) dp; 



t (uj n p,v(p)) - f(v(p)) dp; 



G 3 n (t):= / e~ A ^ [ ln {u n p) - g] dp. 



Then G J n (t) -> in tf 1 ^) uniformly on [s, s + T] for j = 1, 2, 3. 

Proof. The proof of this lemma is essentially contained in [11, Th. 1.1] and, in a 
more general setting, in [10, Th. 3.4.7]. We give the details for sake of completeness. 
We start by considering First of all, we observe that, for s < p < t, 

^ (e- A ^ J* [ ln {u n a) - g] dq^j 

= Ae-^^ f [ ln {oo n q) -g]dq + e~ A ^ [ ln {u n p) - g] . 

Since 



(4.3) WAe-^-ri f [ ln {oo n q) - g] dq\\ m 



< 



and 



Mit-py^it-p^Mt-p))- 1 r p+Un{t P) bn{q )-- g]dq \\ L2 

Juj n p 

< M(t - p)-^ 2 ^u n {t -p))eL\]p,t [) 
||e"^- p) [ 7 nM- S ] < 2C{t-p)- 1 ' 2 e L\]p,t[), 



the ' integration-by-part ' formula 



-A(t-p) 



[ini^nP) ~ 9] dp 



I [ln(oJnP)-g] dp- j Ae A{t p) I hn(uJnq) - g] dq dp 

J s J s J p 

is valid. In view of (4.3), we get 

\\Gl{t)\\ m < (l+ (t _ 1 g)1/2 ) (t-s)/j(u n (t-s)) + J^ (t-p)-^ 2 iJL(u; n (t-p))dp 

<(t-s) 1 / 2 fi(u n (t-s))+ [ {t-p)-^ 2 ^{u n {t-p))dp. 
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Now let e > 0. If t — s < e, a simple integration yields 

\\G 3 n (t)\\ m ^S^e 1 ^. 

If t — s > e, we have 



t-e 



G 3 n (t)\\m <TV 2 vL(u> n e)+iJL(u> n e) / {t - p)' 1 ' 2 dp + ^ / (t-p)" 1 / 2 ^ 



t-e 



<3T 1 / 2 /U ( Ci ; n e)+2^ 0O e 1 / 2 . 



It follows that, for all tiGN, 



sup \\G 3 n (t)\\ H i < 3fi 00 e 1 / 2 + ?,T l / 2 ^{uj n e). 

te[s,s+T] 

The conclusion follows by letting n — > oo. 

Next we consider G n . We assume first that v(t) = ve H 1 (R N ). Then, arguing 
as above, we see that 



[«o(w n p) - a ]vdp 



Ae A(t p) / [o%{u n q) -a ]vdqdp, 



hence 



\\Gl(t)\\ H i < (t - s)/i(u n (t - s))\\v\\ H i + / ii(u n (t-p))dp\\v\\ H i. 

J s 

The same argument used for estimating G^ shows that G\{t) — > in i7 1 (R Ar ) 
uniformly on [s, s+T]. One can easily see that the same is true if v(t) is an arbitrary 
bounded step function. The conclusion then follows by a density argument. 

Finally, we consider G 2 n . Again we assume first that v(t) =ve H 1 (R N ). Then 
we have 



Gl(i) = -e 



-A(t-s) 



4>(uj n p, v) - f(v) dp 



- f* Ae-AV-ri f \4>(u n q,v)-f(v)] dqdp. 

J s J p 

By (3.2), we obtain 

11^)11^ <K(l+ {t _\ )1/2 ) (t - sMu n (t - 8))(\\v\\* + \\v\C 1 ) 

+ k ^t-py^^nit-pMM^ + Mm^dp 

<K($- S)^ 2 ll{u n {t ~S)) + J (t-p)- 1/2 ^n{t-p)) dp^j (llvll^ + HvllS 1 ). 
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Arguing as before, G 2 n (t) -> in H X {R N ) uniformly on [s,s + T], and the same 
is true if v(t) is an arbitrary bounded step function. The conclusion then follows 
again by a density argument. □ 

Proof of Theorem 4-4- First, let us notice that 

n^^n? s n) u n = flwn"^ ^ {tn ~ { s n ~ s )i s)ll n . 

Since t n — (s n — s) — > t as to — > oo, we can assume without loss of generality that 
s n = s for all n. 
Let's write 

v n (t) :=Il°l(t,s)u n , 
v{t) := 7r(£ — s)u. 

We recall that, in view of Proposition 2.5, there exists K > such that, for every 
* > s, 

\\v n (t)\\ H i < K for all n E N , 
IK*)ll*i 

By the variation of constant formula we get 

\\v n (t)-v(t)\\ H i < \\V^{t,s)u n - e- A ^- s \\\ m + hit) + I 2 {t) + hit), 

where 

hit) := ||(C n (*,P) - e- A ^)[-aU^nP)v n {p) 

J s 

+ n {u n p, V n ip)) +ln{WnP)]\\m dp, 

hit) := f \\e- A ^[-o%{u n p){vip) - v n {p)) 

J s 

+ ip n {u n p,v{p)) - <Pn{UnP,V n {p))}\\m dp, 

hit) := || /V**-*>[(ao - ^(^D^p) 

J s 

+ I( V (P)) - <Pn(v n P,v(p)) +7n(^nP) ~ §] dp\\ m ■ 

First of all, we have 

\\VZ n (t, s)u n - e- A ^u\\ m < M(t - s)- 1/2 |K - u\\ L2 

+ sup \\{V^{t,s)-e A ^)u\\ m . 

te[s,s+T] 
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As for hit), by Proposition 4.1 
h(t) 

< / (l + (t-p)~ 1/2 )6(uj n (t-p))\\-aQ(uj n p)v n (p)+fi n (uj n p, v n (p))+^ n (uj n p)\\ L 2 dp 

J s 

< (ck + c{k + k^ 1 )) f\t - pywoiunty - P )) dp. 

J s 

By the same argument used in the proof of Lemma 4.5, we find that Ii(t) — > as 
n — > oo uniformly on [s,s + T]. 
Next we consider hit): 

hit) < f Mil + (t -p)" 1 / 2 )!! - C%iu nP )ivip) - V n {p)) 
J s 

+ (finiUnP, V(p))~ (pni^nP, V n ip))\\ L 2 dp 

< f Mil + (t- p)- 1/2 ){C\\v{p) - v n (p)\\ m + C(l + 2kP)\\v{p) - v n {p)\\ m ) dp 

J s 

<Q ( it-p)- 1/2 \\Vnip)-v(p)\\ H ld P , 
J s 

where Q is a positive constant. 
Finally, 

hit) < || f e- A ^[(d -a^u n p))v(p)]dp\\ m 

J s 

+ II fe- A ^\j(v(p))-0 n (u,rj>,v(p))]dp\\& 

J s 

+ \\J t e- A ^[ ln iu n p)-g]dp\\ m , 

and, by Lemma 4.5, ^(t) — > as n — > oo uniformly on [s, s + T]. 
Summing up, for t e]s, s + T] we get 

K(*)-v(*)||ffi < (t-sJ-^K + Q / (t-p)- 1/2 K(p)-i;(p)|| ff idp, 

where F n — > as n — > oo. 

By the singular version of Gronwall's inequality (see [10, Th. 7.1.1]), 

|K(£) -v(t)\\ H i <QF n (t- s)" 1/2 , 

where Q is a positive constant. This implies that v n (t) — > u(i) in i7 1 (IR Ar ) uniformly 
on [s + 5, s + T] for every 5 > 0, and completes the proof. □ 

Remark. If in Theorem 4.4 we assume that u n — > w in i7 1 (IR Ar ), by the same 
techniques we can show that v n (t) -> in fl' 1 (R JV ) uniformly on [s, s + T]. 

The following lemma provides a kind of joint asymptotic compactness of II£(£, s) 
with respect to t and ui. 



30 



FRANCESCA ANTOCI AND MARTINO PRIZZI 



Lemma 4.6. Let (u n ) ne ^ be a bounded sequence in i7 1 (R Ar ), (a n ) ne ^ an arbitrary 
sequence in E, (£ n )n€N and (u; n ) n6 N two sequences of positive real numbers, t n — > 
+00 and u n — > +00 as n — > 00. TTien i/iere exists Woo G if 1 (M Ar ) swc/i £/iat, «p to 
a subsequence, 

Wj n (t n ,Q)u n -> Woo in fl' 1 (R JV ) as n -> 00. 

Proof. The proof is analogous to that of Proposition 3.8: from the boundedness of 
(u n ) ne n in i/ 1 (IR Ar ) it follows that there exists G i? 1 (]R Ar ) such that, up to a 
subsequence, 

(£ n - 1, 0) u n in H 1 (R N ) as ra -> 00. 

Again by Lemma 2.6 

n^(£ n - l,0)u n -> Moo in L 2 (R 7V ) as n -> 00, 
and by Theorem 4.4 

IL^(£ n ,0K = Ki(t n ,t n - i)nzi{t n - l,0)u n 

= n^" ( *"- 1)<J "(l,0)n^(t n - 1,0K - ^(l)^ in tf 1 ^) as n - 00. 

This completes the proof. □ 

Finally, we can prove the upper-semicontinuity result announced in the Intro- 
duction: 

Theorem 4.7. For u> > 0, let be the Yi-uniform attractor of the family of 
processes { H ° \ a G E }. Moreover, let A be the attractor of the semiflow n. Then 
for every 5 > there exists Co > such that if u> > Co 

d H i (.4^, ,4) := max d H i (u, A) < 5. 

Proof. Let's assume, by contradiction, that the thesis is not true: then there exist 
5 > 0, a sequence (co n ) ne ^ of positive numbers, to n — > +00, and a sequence (it n )n€N) 
u n G Au n for all n G N, such that 

d H i (u n , A) > 6 for all n G N. 

Since it n G ^4.^ , by Theorem 3.4 for every n G N there exists a n G E and v n G /C£™ 
such that u n = v n (0). Since 

(^ Un (t+fc)) G /c5:- (fc)<T - 
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for all h G K, it follows that v n (t) G A^ n for all tGl. Hence, by Proposition 2.5, 
there exists K > 0, independent of n, such that ||i>n(t) < K for t G ffi. 

Let He a positive integer and let (/i n )n€N be a sequence of positive numbers, 
h n — > +oo. We have 

v n (-fe) = n£(-fc, -/* n - fc)v(-fe n - fc) = n^» ( - fc - /l " )<T "(/i n , o)u(-^ n - fc), 

so, by Proposition 4.6, there exists Uk G i/ 1 (lR Ar ) such that, up to a subsequence, 

(4.4) v n (-k)^u k in tf 1 ^) as n -> +oo. 

By a Cantor diagonal procedure, we can assume that (4.4) holds for positive integer 
fc. By Theorem 4.4, for every t > —k 

(4.5) v n (t) =UZl(t,-k)v n (-k) =ulT { - h)an (t + k,0)v n (-k) 

^n(t + k)u k in H 1 ^ 1 *) as oo. 

In particular, choosing t = we get 

w n - ► Tt{k)uk in i? 1 (M Ar ) as n — > oo. 

Notice that 7r(k)uk is independent of fc, so we can define := 7r(k)uk- The proof 
will be complete if we show that Uoo G A. So we must prove that there exists a full 
bounded solution i>oo(£) of the semiflow tt, such that i>oo(0) = Woo To this end, we 
just have to define Voo(t) := 7r(t + k)v,k, t > —k. By (4.5) it follows that n(t + k)uk 
is independent of k and therefore (t) is unambiguously defined for every tel. 
Moreover, i>oo(t) is by construction a full bounded solution of n, with i>oo(0) = itoo- 
This finally implies that Woo G ^4, a contradiction. □ 
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